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Abstract: We compute certain spinorial cohomology groups controlling possible super-
symmetric deformations of eleven-dimensional supergravity up to order l3 in the Planck
length. At O(l) and O(l2) the spinorial cohomology groups are trivial and therefore the
theory cannot be deformed supersymmetrically. At O(l3) the corresponding spinorial co-
homology group is generated by a nontrivial element. On an eleven-dimensional manifold
M such that p1(M) 6= 0, this element corresponds to a supersymmetric deformation of the
theory, which can only be redefined away at the cost of shifting the quantization condition
of the four-form field strength.
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1. Introduction and summary
In search of signatures of purely M-theoretic effects one may try to go beyond the lim-
iting approximation of ordinary 11D supergravity, by including higher-order derivative
(curvature) corrections. Despite considerable progress, however, a tractable microscopic
definition of M-theory (see [1, 2] for reviews) on general backgrounds is still lacking and
one would therefore have to resort to indirect computational methods. Supersymmetry,
provided it will prove restrictive enough, is at present our best hope for addressing such
corrections directly in eleven dimensions. The problem was analyzed within the framework
of eleven-dimensional superspace in [3], producing some partial results. For a review of the
literature on R4 corrections in type II string theory and an attempt at lifting string-theory
results to eleven dimensions, see [4, 5].
Addressing the issue of higher-order superinvariants can be done systematically using
spinorial-cohomology methods. The concept of spinorial cohomology (SC) was introduced
in [6] and further elaborated in [7]. A purely tensorial definition was subsequently given in
[8]. SC has found a number of applications in ten-dimensional SYM [6, 9, 10] and eleven-
dimensional supergravity [7, 8]. The O(l4) corrections1 to the worldvolume theory of the
membrane in eleven dimensions were derived using SC in the context of the superembed-
ding formalism, in [11]. Similar methods were used recently in investigating higher-order
corrections to the world-volume theory of the D9 brane [12]. SC with unrestricted co-
efficients can be shown to be equivalent to pure-spinor [13, 14] cohomology, which was
1In this paper we use l to denote the Planck length.
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recently used by Berkovits in the covariant quantization of the superstring [15, 16]. An
alternative method of computing the cohomology by relaxing the pure-spinor constraint
was considered in [17].
Although the first supersymmetric correction to eleven-dimensional supergravity is ex-
pected to occur at order l6, the existence of superinvariants already at lower orders in the
Planck length has not been rigorously excluded. In this note we examine the possibility
of supersymmetric corrections to eleven-dimensional supergravity, up to order l3. As ex-
plained in the following, such corrections are controlled by certain spinorial-cohomology
groups, which we compute to order l3 in section 4. We find that up to order l2 the relevant
groups are trivial and therefore there are no possible supersymmetric deformations of the
theory.
At l3 we find that the corresponding spinorial-cohomology group is one-dimensional, there-
fore there exists a unique superinvariant at this order. On a (spin, orientable) spacetime
manifold M such that the first Pontryagin class p1(M) vanishes, this superinvariant can be
removed by an appropriate field redefinition of the three-form superpotential (C). However,
on a topologically nontrivial spacetime such that p1(M) 6= 0, the superinvariant cannot be
redefined away without changing the quantization condition of the four-form field strength
(G = dC, locally). The latter is determined, by requiring quantum consistency of the
theory, to be of the form [18]
[
G
2pil3
]−
1
4
p1(M) ∈ H
4(M,Z) , (1.1)
where the brackets denote the cohomology class. Recently a lot of effort has been invested
in understanding the precise mathematical nature of the C-field on spacetime manifolds of
nontrivial topology (see [18, 19, 20, 21, 22, 23] for an inexhaustive list of related literature).
It would clearly be of interest to understand the significance of our result in relation to
this issue.
In the next section we review the tensorial definition of SC. Relevant aspects of the su-
perspace formulation of ordinary eleven-dimensional supergravity are included in section
3 and in the appendix. Section 4 contains the computation of the spinorial-cohomology
groups to order l3.
2. Spinorial cohomology
In this section we give a summary of the tensorial definition of spinorial cohomology for
superforms (see [8] for a more detailed discussion). We will suppose that the tangent bundle
is a direct sum of the odd and even bundles and that the supermanifold is equipped with
a connection with Lorentzian structure group.
The space of forms admits a natural bigrading according to the degrees and Grassmann
character of the forms. Let us denote by Ωp,q the space of superforms ω with p even and q
odd components
ωa1...apα1...αq ∈ Ω
p,q . (2.1)
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The exterior derivative d has the following action on Ωp,q,
d : Ωp,q → Ωp+1,q ⊕ Ωp,q+1 ⊕ Ωp−1,q+2 ⊕ Ωp+2,q−1 . (2.2)
Following [24] we split d into its various components with respect to the bigrading
d = d0 + d1 + τ0 + τ1 , (2.3)
where d0 (d1) is the even (odd) derivative with bidegrees (1, 0) and (0, 1) respectively,
while τ0 and τ1 have bidegrees (−1, 2) and (2,−1). These two latter operators are purely
algebraic and involve the dimension-zero and dimension-three-halves components of the
torsion tensor respectively. The fact that d2 = 0 implies in particular that τ20 = 0. We can
therefore consider the τ0 cohomology groups
Hp,qτ = {ω ∈ Ω
p,q| τ0ω = 0}/{τ0λ, λ ∈ Ω
p+1,q−2} . (2.4)
We can now define a spinorial derivative dF which will act on elements of H
p,q
τ . For
ω ∈ [ω] ∈ Hp,qτ we set
dF [ω] := [d1ω] . (2.5)
It is easy to check that this is well-defined, i.e. d1ω is τ0-closed, and dF [ω] is independent
of the choice of representative. Moreover it is straightforward to show that dF is nilpotent.
The spinorial cohomology groups are defined as
Hp,qF := H
p,q(dF |Hτ )
:= {ω ∈ Hp,qτ | dFω = 0}/{dFλ, λ ∈ H
p+1,q−2
τ } . (2.6)
If we are interested in deformations of the theory, we need to consider the above cohomology
groups with coefficients restricted to be tensorial functions of the physical fields of the
theory and their derivatives. We will denote these groups by Hp,qF (phys).
3. Undeformed 11D supergravity
Eleven-dimensional supergravity [25] admits a superspace formulation [26, 27]. Let A =
(a, α); a = 0 . . . 10, α = 1 . . . 32, be a flat superspace index and let EA = (Ea, Eα) be the
coframes of the (11|32) supermanifold. Moreover, let us introduce a connection one-form
ΩA
B with Lorentzian structure group. The supertorsion and supercurvature are given by
TA = DEA := dEA + EBΩB
A =
1
2
ECEBTBC
A
RA
B = dΩA
B +ΩA
CΩC
B =
1
2
EDECRCD,A
B (3.1)
and obey the Bianchi identities
DTA = EBRB
A
DRB
A = 0 . (3.2)
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Note that for a Lorentzian structure group the second Bianchi identity follows from the
first [28]. In a purely geometrical definition in terms of the supertorsion, it was shown in
[29] that the equations of motion of 11D supergravity follow from the constraint
Tαβ
a = −i(γa)αβ . (3.3)
In this formulation the physical fields of the theory, the graviton, the gravitino and the
three-form potential, appear through their covariant field strengths. Namely, the curva-
ture Rabc
d is identified with the top component of the supercurvature, the gravitino field-
strength Tab
α is identified with the dimension three-halves component of the supertorsion,
while the four-form field strength Gabcd appears in the dimension-one components of the
supertorsion and supercurvature. For completeness we have included in the appendix all
nonzero components of the supertorsion and the supercurvature, the action of the spinorial
derivative on the physical field strengths and their equations of motion.
The theory admits an alternative formulation in terms of a closed superfour-form GABCD,
D[AGBCDE} + 2T[AB|
FGF |CDE} = 0 . (3.4)
In this description, undeformed supergravity is recovered by imposing the constraint that
the lowest component of the superfour-form vanishes [3, 30],
Gαβγδ = 0 . (3.5)
4. Deformations
It was pointed out in [7, 8] that from the point of view of the superfour-form formulation
of supergravity, the physical fields of the theory are elements of H0,3F while supersymmetric
deformations are parameterized by elements Gαβγδ such that
Gαβγδ ∈ H
0,4
F (phys) . (4.1)
The content of equation (4.1) can be restated explicitly as follows [8]: Supersymmetric
deformations of the theory are parameterized by objects Gαβγδ such that
Gαβγδ =
1
8
(γa1a2)(αβ(γ
b1b2)γδ)Aa1a2;b1b2
+
1
240
(γa1...a5)(αβ(γ
b1b2)γδ)Ba1...a5;b1b2
+
1
28800
(γa1...a5)(αβ(γ
b1...b5)γδ)Ca1...a5;b1...b5 , (4.2)
where A, B, C are irreducible (p, q)-tensors satisfying
IA := Dα
(
A−
7
5
B
)
|(02001) = 0
IB := Dα
(
B −
3
10
C
)
|(01003) = 0
IC := DαC|(00005) = 0 . (4.3)
– 4 –
The vertical bars in (4.3) denote projection onto the representations indicated by the
corresponding Dynkin weights 2. Moreover, Gαβγδ is defined modulo shifts of the form
Gαβγδ → Gαβγδ +D(αCβγδ) , (4.4)
where
Cαβγ = (γ
ab)(αβ|Vab|γ) + (γ
a1...a5)(αβ|Ua1...a5|γ) (4.5)
and Vabα, Ua1...a5α are irreducible (gamma-traceless) tensor-spinors. All fields in (4.2), (4.5)
are to be understood as tensorial functions of the physical field-strengths of the theory and
their derivatives.
Note that once a Gαβγδ ∈ H
0,4
F (phys) has been determined, this information can be fed
into the Bianchi identities in order to derive the equations of motion, and therefore the
Lagrangian, of the deformed theory.
4.1 Deformations at O(l), O(l2) and O(l3)
The canonical dimensions of the physical field-strengths of the theory are as follows
[Gabcd] = l
−1
[Tab
α] = l−3/2
[Rabcd] = l
−2 . (4.6)
The dimensions of the fields in (4.2), (4.5) are
[A] = [B] = [C] = l
[V ] = [U ] = l3/2 . (4.7)
At any given order O(ln), n ≥ 0, these fields should be expressed as functions lnf(G,T,R)
of the physical field-strengths, where f does not depend on l.
Clearly, at order O(l) there can be no fields A, B, C satisfying these requirements. At order
O(l2) the combination l2Gabcd has the same dimension as A, B, C, but transforms in the
‘wrong’ representation. We therefore conclude that at O(l), O(l2) the group H0,4F (phys) is
trivial and the theory does not admit supersymmetric deformations.
At orderO(l3) dimensional analysis and representation theory reveals that the most general
expression for the fields A, B, C is
Aa1a2,b1b2 = l
3
(
c1 Ga1a2
ijGb1b2ij + c2 Ra1a2b1b2
)
|(02000)
Ba1...a5,b1b2 = l
3
(
c3 εa1...a5
ijklmnGijklGb1b2mn
)
|(01002)
Ca1...a5,b1...b5 = 0 . (4.8)
2Explicit expressions for the projections and an explanation of the representation-theoretical notation
used here can be found in [8], to which the reader is referred for more details.
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Similarly for the fields U , V we get
Vabα = l
3(c4 Tabα)
Ua1...a5α = 0 , (4.9)
where c1 . . . c4 are arbitrary real constants at this stage. For the constraints in (4.3) we
have
IA = l
3
(
c5 Ga1a2
ij(γb1b2Tij)α
)
|(02001)
IB = 0
IC = 0 , (4.10)
where c5 is a linear combination of c1, c2, c3 which can be determined from (4.3), (4.8). The
action of the spinorial derivative on the physical field-strengths is given in the appendix.
We see that the IB , IC constraints are automatically satisfied. Moreover, imposing IA = 0
fixes the ratio c1/c3 in terms of c2/c3. Finally, using the freedom (4.4) it is straightforward
to see from (4.5), (4.9) that the term in Aa1a2,b1b2 proportional to Ra1a2b1b2 | (cf. (4.8)) can
be redefined away for a suitable c4. The above discussion is illustrated in figure 1.
(1) (1)(1)
(1)
(1)
AI
2
B
T
2
AG G R
Figure 1: Spinorial cohomology at l3. The first, second and third rows depict schematically all
possible terms in V , A⊕B and IA respectively. The arrows indicate the action of dF . Multiplicities
are denoted by the numbers in parentheses.
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To summarize, we have found that H0,4F (phys) is generated by a certain linear combination
of the two G2 terms in (4.8). This result can be understood alternatively as follows: at
order O(l3) one can consider shifts of the superfour-form G of the type
G→ Gβ := G−
βl3
4pi
trR2 , (4.11)
where
trR2 :=
1
4
EDECEBEARAB
abRCDba (4.12)
and β is an arbitrary real parameter. Note that the top component of trR2 is proportional
(taken at θ = 0) to the first Pontryagin class p1(M) of the eleven-dimensional spacetime
manifold M ,
p1(M) = −
1
8pi2
trR2 . (4.13)
The lowest, purely spinorial, component of trR2 is equal to a certain linear combination
of G2 terms, as can be seen from (A.2) of the appendix. It could be brought to the form
(4.2) by a field redefinition, but it will be convenient not to do so here. If G is closed so is
Gβ , by virtue of the second Bianchi identity in (3.2). Therefore, the resulting theory can
be obtained from the undeformed one simply by replacing G with Gβ and this is the only
resulting modification to the equations of motion. In other words, the generating element
of H0,4F (phys) can be absorbed by a transformation of the form (4.11).
Locally (4.11) can be expressed as a shift in the superthree-form potential
C → Cβ := C −
βl3
4pi
Q , (4.14)
where Q, dQ = trR2, is the Chern-Simons form
Q := tr(ΩdΩ+
2
3
Ω3) . (4.15)
Note however, that this is admissible as a field redefinition only in the case p1(M) = 0. In
the generic case, p1(M) 6= 0, the cohomology classes of G, Gβ are different, and the two
theories related by the shift (4.14) are inequivalent.
At the level of classical actions, there is a one-parameter family of supersymmetric theories
given by 3
Sβ =
1
l9
∫ (
R∗1−
1
2
Gβ ∧ ∗Gβ +
1
6
Cβ ∧Gβ ∧Gβ +O(l
6)
)
θ=0
. (4.16)
Note that unless one postulates an unconventional parity transformation law for the four-
form G, (4.16) is not parity-invariant. The actions (4.16) are related to the ordinary
supergravity action S0 by a shift in the three-form potential that changes the cohomology
class of G:
[
Gβ
2pil3
] = [
G
2pil3
] + βp1(M) . (4.17)
3For simplicity we concentrate on the bosonic part; we use the same letters (C, G, R) for the top
components of the corresponding superforms.
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On the other hand, quantum mechanical consistency of the theory forces G to obey the
quantization condition [18]
[
G
2pil3
]−
1
4
p1(M) ∈ H
4(M,Z) (4.18)
and therefore Gβ obeys a shifted quantization condition dictated by (4.17),(4.18).
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A. Undeformed 11D supergravity in superspace
The nonzero components of the supertorsion and supercurvature of undeformed 11D su-
pergravity are given by
Tαβ
c = −i(γc)αβ
Taβ
γ = −
1
36
(
(γbcd)β
γGabcd +
1
8
(γabcde)β
γGabcd
)
(A.1)
and
Rαβab =
i
6
(
(γcd)αβGabcd +
1
24
(γabcdef )αβG
cdef
)
Rαbcd =
i
2
((γbTcd)α + (γcTbd)α − (γdTbc)α) . (A.2)
Note that the Lorentz condition implies
RABα
β =
1
4
RABcd(γ
cd)α
β . (A.3)
The action of the spinorial derivative on the physical field strengths and their equations of
motion are given by
DαGabcd = 6i(γ[abTcd])α
DαTab
β =
1
4
Rabcd(γ
cd)α
β − 2D[aTb]α
β − 2T[a|α
ǫT|b]ǫ
β
DαRabcd = 2D[a|Rα|b]cd − Tab
ǫRǫαcd + 2T[a|α
ǫRǫ|b]cd (A.4)
and
D[aGbcde] = 0
DfGfabc = −
1
2(4!)2
εabcd1...d8G
d1...d4Gd5...d8
(γaTab)α = 0
Rab −
1
2
ηabR = −
1
12
(
GadfgGb
dfg −
1
8
ηabGdfgeG
dfge
)
. (A.5)
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The above equations can be integrated to an action whose bosonic part reads
S =
1
l9
∫ (
R∗1−
1
2
G ∧ ∗G+
1
6
C ∧G ∧G
)
θ=0
. (A.6)
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